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A novel adaptive surrogate modeling-based algorithm is proposed to solve the integrated scheduling and dynamic opti-
mization problem for sequential batch processes. The integrated optimization problem is formulated as a large scale
mixed-integer nonlinear programming (MINLP) problem. To overcome the computational challenge of solving the inte-
grated MINLP problem, an efficient solution algorithm based on the bilevel structure of the integrated problem is pro-
posed. Because processing times and costs of each batch are the only linking variables between the scheduling and
dynamic optimization problems, surrogate models based on piece-wise linear functions are built for the dynamic optimi-
zation problems of each batch. These surrogate models are then updated adaptively, either by adding a new sampling
point based on the solution of the previous iteration, or by doubling the upper bound of total processing time for the
current surrogate model. The performance of the proposed method is demonstrated through the optimization of a multi-
product sequential batch process with seven units and up to five tasks. The results show that the proposed algorithm
leads to a 31% higher profit than the sequential method. The proposed method also outperforms the full space simulta-
neous method by reducing the computational time by more than four orders of magnitude and returning a 9.59% higher
profit. VC 2015 American Institute of Chemical Engineers AIChE J, 61: 4191–4209, 2015
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Introduction

Increasingly fierce competition between the modern enter-

prises is driving the process industries to optimize their manu-

facturing processes to respond to eroding profit margins.1–3 To

remain competitive in the global marketplace, process compa-

nies have attached more importance to integrated optimization

of decision making across multiple levels.4–6 Thus, reliable

and efficient optimization strategies and solution methods for

integrated optimization problems have become essential.7–14

In this work, we address the integrated optimization of sched-

uling and dynamic optimization problems for a sequential

batch process, in which the integrity of each batch unit is pre-

served. The objective is to maximize the total profit over the

entire production horizon.15–18

Previous work has been reported in the literature on the

integrated batch scheduling problem for complex batch distil-

lation and batch reactor/distillation processes.19,20 In addition,

mathematical programming approach and efficient solution

methodology have been proposed to determine the design

parameters and operating policy for batch distillation proc-

esses simultaneously.21,22 In this work, we consider a more

general issue, the integrated optimization of scheduling and

dynamic optimization problems for a sequential batch process.
A monolithic model for the integrated scheduling and dynamic
optimization of a sequential batch process can be formulated
by combining a scheduling model and a set of dynamic opti-
mization problems.23–25 In general, a scheduling problem is
solved to assign limited resources to manufacture a set of
products in a specific time horizon,26,27 and the batch manu-
facturing process needs to follow certain batch recipes.28,29

The dynamic optimization problem is solved to optimize the
operating trajectories of dynamic processes, for example,
chemical reactions or transition processes. As the production
scheduling models are usually mixed-integer optimization
problems, the integrated optimization problem is formulated
as a mixed-integer dynamic optimization (MIDO) prob-
lem.30,31 The MIDO problem can then be reformulated into a
mixed-integer nonlinear programming (MINLP) problem
using the orthogonal collocation method.32,33 However, the
resulting MINLP problem is usually large in scale and compu-
tationally expensive to solve with general purpose MINLP
solvers.34–36 The aim of this work is to address this computa-
tional challenge and to propose an efficient solution method to
solve this integrated scheduling and dynamic optimization
problem for the sequential batch process.

Flexible recipe methods have been widely used to the batch
scheduling problem to obtain enhance the flexibility of the
resulting production schedule.37–40 By employing the powerful
surrogate modeling approach for representing complex
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systems and thereby reducing computational complexity,41–48

we propose a novel adaptive surrogate modeling-based algo-
rithm to solve the integrated scheduling and dynamic optimi-
zation problem for sequential batch processes. In this
integrated optimization problem for sequential batch proc-
esses, the scheduling problem is linked with dynamic optimi-
zation problems only via operating recipes, which include
batch processing times and processing costs. We first exploit
the special bilevel structure of the integrated optimization
problem and use a set of piecewise linear surrogate models to
replace the nonlinear dynamic optimization problems in the
integrated optimization problem. To update the surrogate mod-
els adaptively, we either add a new sampling point based on
the solution of the previous iteration or double the upper
bound of total processing time for the current surrogate model.
The algorithm terminates until all the solution points satisfy
two stopping criterions. To satisfy the two stopping criterions,
the solution point should be located within a certain distance
of one existing sampling point but not located exactly on the
last sampling point. The performance of the adaptive surrogate
modeling-based algorithm is demonstrated through a case
study of a sequential batch process with seven units for three
production lines and up to five operational tasks for each pro-
duction line. The results of the proposed method are compared
with those obtained from the sequential method and the simul-
taneous method.

The main novelties of this work are summarized as follows:

• Novel piecewise linear surrogate models replacing the

nonlinear dynamic models in the integrated scheduling and

dynamic optimization problem with much higher computa-

tional efficiency.
• A novel approach to adaptively update the surrogate

model enabling the surrogate models maintain high fidelity

with only a small set of sampling points.

The remainder of this work is structured as follows. The

problem statement is given in the next section. The model for-

mulation of the integrated scheduling and dynamic optimiza-

tion problem is presented next as well as the special bilevel

structure of the integrated problem. In the Adaptive Surrogate

Modeling-Based Algorithm section, we show a general three-

step procedure to build a piecewise linear surrogate model and

the adaptive algorithm to update the surrogate models. In the

Case Study section, we use a case study of one multiproduct

sequential batch process to demonstrate the performance of

the proposed adaptive surrogate modeling based algorithm.

Finally, we present our conclusions and give directions for

future research.

Problem Statement

In this work, we focus on sequential batch processes where

the integrity of each batch unit is preserved within the produc-

tion process.26,27 Namely, operations of batch splitting, mix-

ing, and resizing are prohibited in the sequential batch

process.
As shown in Figure 1, there are order demands with specific

due dates for a set of products. Because the integrity of the

batch is preserved in the sequential batch process, the number

of the batches for one product is integral. There are several

operational stages within a batch process according to differ-

ent routing pathways. The production time of each unit is

divided into several time slots. The scheduling problem is

solved to determine the starting time of each stage and the

assignment of a capable unit to each stage in a batch.49,50 The

dynamic optimization problem is solved to obtain the optimal

processing time and processing cost of each operational stage.

Following the approach widely used in industry, we introduce

price penalties for a tardy orders.51 Specifically, the demand

should be fulfilled before its due date; otherwise the price will

decrease linearly with respect to time. As shown in Figure 2,

there are two due dates for each batch. The batch price stays

constant if the batch is delivered before the first due date. The

order price decreases with time linearly if it is delivered

between the first and second due dates, and is zero if it is

delivered after the second due date.
In this problem, we consider a sequential batch process,

where operations of batch splitting, mixing, and resizing are

not allowed.26,27 We are given the following parameters:

• Production configuration, including the routing pathway

for each batch;
• Upper bound of the scheduling horizon;
• Divided batches with due dates;
• Unit costs of raw materials and utilities;
• Dynamic models of optional stages;
• Initial conditions in the first stage and final values in the

last stage for each batch;
Utility constraints, safety constraints, and quality

constraints.

Figure 1. Scope of integrated problem.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. The batch price function.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Major decision variables for these problems are:

• Starting time of each operational stage of each batch;
• Assignment of a processing unit to each stage of each batch;
• Delivery date and economic value of each batch;
• Processing time and processing cost of each operational stage.

The objective of this problem is to maximize the total pro-

duction profit over the scheduling horizon.

Model Formulation

The integrated problem for scheduling and dynamic optimi-

zation of the sequential batch process is presented in this sec-

tion. For batch processes, the scheduling problem is solved to

allocate limited raw materials and batch units to manufacture

a set of products which may follow different production rec-

ipes.26,27 Dynamic optimization problems are solved to deter-

mine the optimal dynamic operating profiles for chemical

reaction operations.52 In the conventional sequential solution

approach, the dynamic optimization problems are solved first

to obtain a set of fixed operational recipes, based on which the

scheduling problem is then optimized.16 However, fixed rec-

ipes are not able to capture the dynamics of the batch proc-

esses. The integrated optimization of batch production

scheduling and dynamic operations is essential to optimize the

overall performance of batch process.

Model formulation for production scheduling of
sequential batch processes

An illustration of the scheduling problem is shown in Figure

3, which is based on the concept of time slots.26,27 A set of

stages indexed by l are included in each batch indexed by i. A

set of time slots indexed by k is contained in capable units

indexed by j. With the time-slot formulation, the main sched-

uling decision is to assign a time slot of a capable unit to pro-

duce one stage of a batch. The binary variable Wijkl is

introduced to determine this assignment. If stage l of batch i is

produced in slot k of unit j, Wijkl is equal to 1 and the starting

time TSIil of stage l in batch i is equal to the starting time TSJjk

of slot k in unit j.
The detailed scheduling model can be found in Appendix

A.23,53 Here, we only present the main ideas of the scheduling

model for the sequential batch process. The entire scheduling

model includes four sections: unit allocation section, timing

matching section, batch price function section, and sales and

costs section. In the unit allocation section, a binary variable is
introduced to determine the assignment of all stages to capable

units. The timing matching section is used to determine the

starting time and the end time of each slot in one unit and the

duration of each stage of each batch. In the batch price func-
tion, a penalty is charged by the tardy batch and the selling

price decreases with respect to time. Sales can be obtained by

summing up all the batch prices. The total cost is taken as the

sum of the individual batch cost.

Model formulation for dynamic optimization

The detailed model formulation of the dynamic optimiza-

tion problem is given in Appendix B.23 The dynamic optimi-

zation model contains a set of differential equations. We adopt
the collocation method to discretize the differential and alge-

braic equations.54 The collocation approach is an implicit

Runge–Kutta method.55 For dynamic stage l of batch i, we first

use a set of equal-length finite elements to partition the time

horizon into a number of time intervals. We note that the
lengths of these time intervals are variables, and in the same

stage they are the same to each other. In each finite element,

several collocation points are chosen according to the specific

collocation method.56 We then model the time-dependent vari-
ables, including the state variables and the input variables, at

those discrete points. With this discretization process, the dif-

ferential equations are reformulated as a set of algebraic equa-

tions. The discretization process is demonstrated as follows.
In Eq. 1, the time horizon for stage l of batch i is divided by

a set of grid points, Trq
il , where r is the index for each finite ele-

ment, q represents the index for the collocation points on each

finite element, and Dil denotes the length of the finite element

in dynamic stage l of batch i. Constraint (2) represent the time
constraints for the discretized time variables

Trq
il 5Tr21

il 1cqDil; 8i; l 2 Li; r > 0; q (1)

0 � Trq
il � sil; 8i; l 2 Li; r; q (2)

In Eqs. 3 and 4, the state variables are discretized and

approximated by the collocation method on the corresponding
grid points. The coefficients, including aqq0 , cq, and bq, are pro-

vided by the Runge–Kutta method

Xrq
il 5Xr21

il 1Dil

Xnq

q51

aqq0 fil Xrq0

il ;U
rq0

il

� �
; 8i; l 2 Li; r > 0; q

(3)

Xr
il5Xr21

il 1Dil

Xnq

q51

bqfil Xrq
il ;U

rq
il

� �
; 8i; l 2 Li; r > 0 (4)

Alongside the differential equations, the path constraints,

the output variables, and the criterion equations are also trans-

formed into discretized values, as shown in Eqs. 5–7

hil Xrq
il ;U

rq
il

� �
� 0; 8i; l 2 Li; r > 0; q (5)

Yrq
il 5gil Xrq

il ;U
rq
il

� �
; 8i; l 2 Li; r > 0; q (6)

uil5/il Yrq
il

� �
; 8i; l 2 Li (7)

Equation 8 defines the initial values of state variables for

each dynamic stage of batch i. The initial values for the first
dynamic stage are set as predetermined parameters. However,

the initial values for other dynamic stages are set to be the

same as the final values of the dynamic model in the previous

Figure 3. Time slot model.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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stage, that is, the state values at the first grid point in stage l
are equivalent to the state values at the last collocation point

of the last finite element in stage l21. nr is the total number of

finite elements in one dynamic stage. nq is the total number of

collocation points in one finite element

X
r50ð Þ

il 5
X

r5nrð Þ q5nqð Þ
i l21ð Þ ; l � 2

x0
i ; l51

; 8i; l 2 Li

8<
: (8)

Equation 9 defines that the final value of the state variables

for batch i is the same as the value in the last collocation

point of the last finite element in last dynamic stage for batch

i. The new discretized quality constraint is shown in constraint

(10)

Xf
i 5X

r5nrð Þ q5nqð Þ
il ; l5jLij; 8i (9)

qi X
r5nrð Þ q5nqð Þ

il

� �
� 0; l5jLij; 8i (10)

Model formulation and properties of the integrated

optimization problem

According to the aforementioned model formulations,23,53

the production scheduling problem needs the operating rec-

ipes, including the processing times and processing costs, for

each batch stage to determine the scheduling sequence over

the scheduling horizon. In the conventional hierarchical

method, the operating recipes in the scheduling problem are

often set as fixed parameters, obtained by solving the dynamic

optimization problems in advance. However, the fixed operat-

ing recipes might not be optimal for the scheduling problem.7

In this work, this problem is solved with an integrated method,

in which the process dynamic operating profiles are optimized

simultaneously with the production scheduling decisions. The

integrated method links the scheduling model and dynamic

model together by linking Eqs. 11 and 12, where PTil and PCil

are the processing time and processing cost for stage l of batch

i in scheduling model, and sil and uil are the corresponding

processing time and processing cost obtained from the

dynamic optimization problem

PTil5sil; 8i; l 2 Li (11)

PCil5uil; 8i; l 2 Li (12)

The full space integrated scheduling and dynamic optimiza-

tion problem is formulated as follows:

(Integrated_MIDO)

max Profit in Eq. A20

s.t. Scheduling model constraints (A1)–(A19)

Dynamic model constraints (B1)–(B9)

Linking equations 11 and 12

This is an MIDO problem, which is usually reformulated

into an MINLP problem based on the collocation method.33

The integrated MINLP problem for the sequential batch pro-

cess is presented as follows:

(Integrated_MINLP)

max Profit in Eq. A20

s.t. Scheduling model constraints (A1)–(A19)

Dynamic model constraints (1)–(10)

Linking equations 11 and 12

However, the integrated MINLP problem is usually large in
scale and difficult to solve with general purpose MINLP solv-
ers. A special property of the (Integrated_MINLP) problem
is that the scheduling problem is linked with the dynamic opti-
mization problems only via two simple linking equations. To
have a clear view of the structure for the integrated optimiza-
tion problem, we first divide the decision variables into four
categories: variables in the scheduling level, VSch; variables
only in the dynamic model of batch i, VDyn

i ; the collection of
processing times PTilf g; and the collection of processing cost

PCilf g. We can then rewrite the objective of the integrated
problem as follows

Profit�5 max
PTilf g;8i;l2Li ;

PCilf g;8i;l2Li ;

VSch ;

V
Dyn

if g; 8i

Profit (13)

According to Eq. 13, we can separate the four variable cate-
gories into two types: the variables that can be placed in the
outer level problem and the variables that can be placed in the
inner level problem, as shown in Eq. 14

Profit�5 max
PTilf g;8i;l2Li ;

VSch

max
PCilf g; 8i;l2Li ;

V
Dyn

if g;8i

Sales2Costf g

8>>><
>>>:

9>>>=
>>>; (14)

In Eq. 14, the processing cost variables and the decision
variables for each batch in the dynamic optimization problems
are in the inner level problems, while the processing time vari-
ables and the decision variables for the scheduling level prob-
lem are in the outer level problem. In the inner level problem,
the decision variables from the outer level problem, including
the processing time variables and other scheduling variables,
are regarded as fixed parameters. According to Eqs. A16 and
A18, we can see that the Sales and the fixed cost are independ-
ent of the processing cost variables and the dynamic optimiza-
tion variables. Thus, they can be moved to the outer level
problem. In the inner level problem, the scheduling variables
are regarded as fixed parameters, so the dynamic model of one
batch is independent from those of another batch. This model
property allows us to reformulate the objective of the bilevel
integrated problem as Eq. 15

Profit�5 max
PTilf g; 8i;l2Li ;

VSch

Sales2cFix2
X

i

min
PCilf g;8i;l2Li ;

V
Dyn

if g;8i

X
l2Li

PCil

( )8>>><
>>>:

9>>>=
>>>;

(15)

Equation 15 indicates that the dynamic optimization problem
for each batch can be solved independently. This independence
also results from the network structure of the sequential batch
process, where operations of batch splitting, mixing, and resiz-
ing are prohibited. We rewrite the integrated scheduling and
dynamic optimization problem for sequential batch processes
into the following bilevel programming problem.

(Bilevel_Integrated)

Outerð Þ max
PTilf g;8i;l2Li ;

VSch

Sales2cFix2
X

i
Pc

i

n o
(16)

s.t. Scheduling model equations 5–A19)
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PC
i 5gi PTi1;PTi2; :::PTijLij

� �
; 8i; l 2 Li (17)

(Inner) Inner level optimization for each batch i

gi PTi1;PTi2; :::PTijLij
� �

5 min
VDyn

i

X
l2Li

PCil (18)

s.t. Dynamic model (1)–(10)

Linking equations 11 and 12

In the (Bilevel_Integrated) problem, the integrated sched-

uling and dynamic optimization problem is reformulated into

an outer level scheduling problem with the optimal-value

function (17) and the inner level dynamic optimization prob-

lem. In the inner level problems, the processing times are

treated as fixed parameters. The inner level problems are a set

of multistage dynamic optimization problems. The objective

of inner level problems is to minimize the total processing

cost over all stages at the given processing time. The optimal

objective value in the inner level problem is a function of

processing time, which is referred to as the optimal-value

function (18) and also appears in the outer level problem as

Eq. 17. The optimal-value function should capture the details

of the corresponding dynamic optimization problem. The

outer level problem is a scheduling problem with optimal-

value functions. In the outer level problem, the scheduling

problem is solved with the operating recipes that are provided

by the optimal-value functions. Based on the bilevel structure

of the integrated problem, we propose an adaptive surrogate-

based algorithm to enhance the computational efficiency.

Adaptive Surrogate Modeling-Based Algorithm

The integrated scheduling and dynamic optimization prob-

lem for the sequential batch process is a large scale MINLP

problem that is difficult to solve by general purpose MINLP

solvers.57 However, the integrated optimization problem has a

special bilevel structure where the scheduling problem and the

dynamic optimization problems are connected only by operat-

ing recipes, which include both processing costs and times.

Based on the structure of the integrated problem, we replace

the dynamic optimization problems with a set of piecewise lin-

ear surrogate models, which could capture the main charac-

teristics of the dynamic optimization problems.16,58,59 To

maintain fidelity of those surrogate models at the solution

points, we propose a novel strategy to update the surrogate

models adaptively.

Surrogate model construction

There are three general steps to construct a surrogate model

according to previous literature.58–64 The first step is to choose

an experimental design for generating data. In the (Bilevel_

Integrated) optimization problem, the inner level dynamic

optimization problems only provide the optimal operating rec-

ipes, which are processing times and processing costs, to the

outer level scheduling problem via the optimal-value function.

As a result, the data need to be generated in the experimental

design are the operating recipes. The optimal operating recipes

for certain total processing time can be determined by the fol-

lowing e-constraint method.23 For a total processing time ei for

batch i, the e-constraint is shown as the inequality (19)X
l2Li

PTil � ei (19)

The processing times and costs for each stage of batch i are
obtained in the following (e-constraint) problem23

(e-constraint)

PTi1 eið Þ;PTi2 eið Þ; :::PTijLij eið Þ5arg minPTil

X
l2Li

PCil;

8iPC
i eið Þ5 min

PTil

X
l2Li

PCil; 8i

(20)

s.t. Dynamic model (1)–(10)

Linking equations 11 and 12

e-constraint (19)

The second step of surrogate modeling is to choose a model
to represent the data. In general, there are several simple
basis functions that we can use to build the surrogate mod-
els,58 such as polynomial functions, exponential and logarith-
mic function, radial basis functions model,65 and so forth. In
this work, to maintain linearity of the model formulation, we
choose piecewise linear function to build the adaptive surro-
gate model.

The third step to build the surrogate model is fitting the
model to the observed data. In this work, piecewise linear
functions, modeled by the convex combination method are
applied to approximate the recipe function.66–69 Solving a
number of dynamic optimization problems leads to a set of
recipe data points fe mð Þ

i ;PT
mð Þ

il ;P
C mð Þ
i g, where m is the index

for sampling points. The approximated function is expressed
by constraints (21)–(24). Rn

i is the index set of the discrete
points for batch i in the nth iteration of the adaptive surrogate
modeling-based algorithm

ei5
X
m2Rn

i

rim�e mð Þ
i ;8i (21)

PTil5
X
m2Rn

i

rim�PT
mð Þ

il ;8i; l 2 Li (22)

PC
i 5
X
m2Rn

i

rim�PC mð Þ
i ; 8i (23)

X
m2Rn

i

rim51;8i (24)

Constraints (25)–(30) define that fri1;ri2; :::; rijRn
i
jg for any

batch i are specially ordered set of Type 2 (SOS2) variables,
that is, at most two adjacent terms can be nonzero

rim � 0;8i;m 2 Rn
i (25)

ri m51ð Þ � fi m51ð Þ;8i;m 2 Rn
i (26)

rim � fi m21ð Þ1fim; 8i;m 2 Rn
i ; 2 � m � jRn

i j21 (27)

ri m5jRn
i jð Þ � fi m5jRn

i j21ð Þ;8i (28)

XjRn
i j21

m51

fim51;8i (29)

fim 2 0; 1f g; 8i;m 2 Rn
i (30)

If the processing times are variables, the scheduling model
will be nonlinear due to the term Wijkl � PTil in constraint (A7).
Because Wijkl is a binary variable, this bilinear term can be lin-
earized using the following constraints (31)–(34)70

TEJjk5TSJjk1
X

i;lð Þ2ILj

WTijkl; 8j; k 2 Kj (31)
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WTijkl1UTijkl5stil1PTil;8i; j 2 Jil; k 2 Kj; l 2 Li (32)

0 � WTijkl � Wijkl � tH; 8i; j 2 Jil; k 2 Kj; l 2 Li (33)

0 � UTijkl � 12Wijkl

� �
� tH;8i; j 2 Jil; k 2 Kj; l 2 Li (34)

Thus, the model formulation for integrated scheduling prob-
lem with surrogate models is given as follows:

(Surrogate_MILP)

max Sales2cfix2
X

i
PC

i (35)

s.t. Scheduling model constraints (A1)–(A6), (A8)–

(A19), and (31)–(34)

Sampling points in current iteration

Adaptive surrogate model constraints (21)–(30)

Adaptive surrogate-based optimization algorithm

In this subsection, we discuss the procedure for updating the
surrogate model adaptively in order to generate high fidelity
surrogate models for the integrated optimization problem. The
flow chart for the adaptive surrogate modeling-based algo-
rithm is given in Figure 4. To update the adaptive surrogate
model for order i, we start with a simple surrogate model that
contains two sampling points. One sampling point is located at
the lower bound of the total processing time, determined by
solving the dynamic optimization problem directly with the
objective to minimize the total processing time, denote as
emin

i . The location of the second sampling data point is chosen
by adding a predetermined time interval Dei. The second sam-
pling data point acts as the upper bound of the total processing
time for the simple surrogate model. However, the upper

bound of the total processing time for the adaptive surrogate
model may change because we might need to increase the

upper bound of the total processing time in later iterations.
This issue will be discussed in a subsequent subsection.

After obtaining the simple surrogate model, we solve the

(Surrogate_MILP) for the first iteration. We then analyze the
solution for the current iteration. The solution point should be
located within the solution region defined by the surrogate

model. We then check two stopping criterions to determine
whether the algorithm should continue for the next iteration. If

there is one batch that violates one of the stopping criterions, a
new surrogate model should be constructed for this batch and

the algorithm should continue. We note that there might be
several surrogate models for different batches that need to be

updated per iteration.
The first stopping criterion is that the solution point is close

enough to one of the existing point. toli denotes the predeter-
mined tolerance for the distance between the current solution

point and the nearest existing sampling point. If the distance is
small enough, it means that the current solution point is

located very close to one of the existing sample points. We
regard the surrogate model is of fidelity for the current solu-

tion point. Otherwise, if the distance is larger than the prede-
termined tolerance, we will add the new sampling point at the
location of this solution point, and build a new adaptive surro-

gate model.
The first stopping criterion and its corresponding approach

to update the surrogate model are illustrated in Figure 5. In

Figure 5a, point E is the solution point returned by the current
iteration. Point E is located on the piecewise surrogate model

that is constructed based on the previous sampling point set.
Points B and C are directly next to point E. The length b
denotes the processing time interval between point B and E,
b5TE2TB. The length c denotes the processing time interval
between point C and E, c5TC2TE. The length a denotes the

processing time interval between point B and C, a5TC2TB.
The first stopping criterion is satisfied only if point E is close

enough to one of the points in its immediate vicinity. For batch
i, the first stopping criterion can then be expressed as

b=a � toli; or c=a � tolið Þ. According to the piecewise linear
surrogate model formulation, the first stopping criterion can be
expressed as rn

im � toli
� �

or 12rn
im � toli

� �
;9m 2 Rn

i and

rn
im > 0; 8i.
If the first stopping criterion is violated, the surrogate model

should be updated accordingly, as shown in Figure 5b. If point

E is neither close enough to point B nor close enough to point
C, the current surrogate model might not be an adequate repre-

sentation of the corresponding dynamic optimization problem
in the vicinity of the current solution point. To overcome this

problem, we add a new sampling point at the point with proc-
essing time TE. In Figure 5b, the new sampling point is
denoted as point F, which has the same processing time as the

current solution point E. The new piecewise linear surrogate
model is built by adding point F for the next iteration. This

approach of adding a new sampling point to refine the model
is similar to the branch-and-refine algorithm for global optimi-

zation of separable concave minimization problems,71–74

although it is used in the context of surrogate-based modeling
and optimization in this work.

The second stopping criterion is that the solution point is

not located at the last sampling point of the current surrogate
model. In other words, the total processing time of the solution

should not reach the upper bound of the current adaptive

Figure 4. Flow chart for adaptive surrogate model.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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surrogate model. If the solution point is at the location of the
last sampling point, it is likely that the current upper bound for
the total processing time is not large enough. In this case, one
more sampling point, which is the new upper bound, is added
to build a new adaptive surrogate model. According to the
piecewise linear surrogate model formulation, the second stop-
ping criterion can be expressed as rn

i m 5 jRn
i jð Þ 6¼ 1; 8i.

The second stopping criterion is illustrated in Figure 6a.
Point C is the current solution point returned by the (Surroga-

te_MILP) in the latest iteration. The second stopping criterion
is that point C is located exactly at the position of the last sam-
pling point in the current sampling point set. If the solution
point reaches the upper bound of the surrogate model, the
solution point might have the trend to move further to a larger
processing time. We note that the lower bound of the surrogate
model is fixed, as it is determined by solving the dynamic opti-
mization problem with the objective to minimize the total
processing time. To overcome the limitation on the processing
time for the solution point, the upper bound of the total proc-
essing time in the surrogate model is doubled if the current
solution point is located at the last sampling point. In Figure
6b, the new sampling point D is added to the new surrogate
model. The processing time of point D is twice as that of point
C, TD52TC.

The algorithm terminates when both stopping criterions are
satisfied; otherwise, we need to build new adaptive surrogate

models and solve the (Surrogate_MILP) with new surrogate

models for the next iteration. The pseudocode for the adaptive

surrogate-based algorithm is given in Figure 7.

Case Study

In this section, we first describe the resource task network

representation75 for the scheduling problem of a sequential

batch process and show the differential and algebraic equa-

tions for the multistage dynamic optimization problems. To

illustrate the details of the experimental design process for

generating data of the surrogate model, we take one multistage

dynamic optimization problem for the first product as an

example. Finally, the performance of the proposed adaptive

surrogate modeling-based algorithm is demonstrated. In paral-

lel with our novel solution approach, we also apply the con-

ventional sequential solution method and the full space

simultaneous method to this optimization problem for the

sequential batch process. The sequential method solves the

scheduling problem and the dynamic optimization problems

separately, while the simultaneous method formulates the inte-

grated scheduling and dynamic optimization problem into a

holistic model and solves the full space MINLP problem

directly.76 The data for the case study can be found in

Appendix C.

Figure 5. First stopping criterion (a) current solution point violates the first stopping criterion; (b) new sampling
point is added to the adaptive surrogate model.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. Second stopping criterion (a) current solution point locates at the last sampling point and violates the
second stopping criterion; (b) new sampling point is added to the adaptive surrogate model and doubles
the upper bound of the total processing time.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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In this work, all optimization problems are modeled in
GAMS 24.4.177 and solved in a computer with Intel(R) Core
(TM) i5-2400 CPU @ 3.10 GHz, 8-GB RAM.

Sequential batch model

The resource task network for the case study is presented in
Figure 8. In this sequential batch model, there are three pro-
duction lines which have different production stages. For the
first product P1, the first task T11 is blending the two raw mate-
rials M11 and M12 together. The second task T12 contains two
chemical reactions. All the corresponding chemical reaction
equations are also given in Figure 8. The third task T13 is a fil-
tration process which is designed to filter out all unwanted
materials. The fourth task T14 is a first-order reaction. The last
task T15 is a packing process which always appears at the end
of a production line. Parallel units are used in the batch pro-
duction process of this work. As shown in Figure 8, reactor R2

is the same as R3 and packing line PL1 is identical to packing
line PL2. Consequently, the fourth task for P1 can be con-
ducted either in R2 or in R3. Compared with P1, the second
product P2 does not have a blending task. The third product P3

only has a first-order reaction task and a packing task.
Among all the operational stages for three products, only

the chemical reactions have flexible recipes, while other tasks,
such as blending tasks, filtration tasks, and packaging tasks,
have fixed operational recipes. The dynamics of these chemi-
cal reactions are of great importance for improvement of the
overall performance of the batch process. A general structure
for the batch reactor is given in Figure 9. The reactions occur
in batch reactors and they might be exothermic or endothermic
depending on the corresponding heats of reaction. The batch
reactor is covered by a jacket. Pipes for both the heating and
cooling water streams are connected with the jacket. The tem-
perature of the jacket can be manipulated by the input flow
rates of heating and cooling water. Heat can be transferred
between the batch reactor and the jacket. Thus, the tempera-
ture of the reactor can also be controlled by the manipulated
variables, the input flow rates of the heating and cooling
water.

The dynamics of one batch reaction can be described by the
following differential and algebraic equations. The rate con-
stant ks for chemical reaction s is determined by the Arrhenius
equation in Eq. 36, where Es is the activation energy for reac-
tion s, R is the universal gas constant, and TR is the tempera-
ture of the reactor. The mass rate law, as shown in Eq. 37,
determines the chemical reaction rate rs, where vsp denotes the
stoichiometric coefficient in the corresponding reaction and Cp

is concentration for material p. s denotes the index for differ-
ent reactions. p is the index for different materials. np denotes
the number of materials in the reaction

ks5Zse
2Es= R�TRð Þ (36)

rs5ks

Ynp

p51

Cp

� �vsp
(37)

Equation set (38) represents the mass balance equations,
which are used to describe the change of concentration for dif-
ferent species. ns is the number of reactions involved

Figure 7. Pseudocode for adaptive surrogate-based
algorithm.

Figure 8. Resource task network for sequential batch
process scheduling.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 9. The general representation of a batch reac-
tion.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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d

dt
C1 tð Þ5

Xns

s51

vs1rs

�

d

dt
Cp tð Þ5

Xns

s51

vsprs

(38)

Equation 39 is established according to the heat balance for

a batch reactor, calculated from the reaction heat and the heat

flux from the jacket. DHs denotes the heat of reaction for reac-

tion s. UA is the heat transfer coefficient between the reactor

and the jacket. qR denotes the density of reactor. cR denotes

the heat capacity of reactor. VR is the volume of the reactor

d

dt
TR tð Þ5

Pns

s51 rs 2DHsð Þ
qRcR

1
UA TJ2TRð Þ

VRqRcR
(39)

The temperature of the jacket is described by Eq. 40, which

considers heat transfer with the heating and cooling water, and

heat exchange with the batch reactor. TJ denotes the tempera-

ture of the jacket. FH and TH are the flow rate and the tempera-

ture of heating water. Fc and TC denotes the flow rate and the

temperature of cooling water. qJ denotes the density of jacket.

cJ denotes the heat capacity of jacket. VJ is the volume of the

jacket. The manipulated variables are the flow rate of the heat-

ing water and the flow rate of the cooling water.

d

dt
TJ tð Þ5 FHTH1FCTC2 FH1FCð ÞTJ

VJ
1

UA TR2TJð Þ
VJqJcJ

(40)

Changing the flow rates of the input water will lead to alter-

ing the temperature of the jacket. Because there is heat transfer

between the batch reactor and the jacket, the temperature of

the reactor will change along with the temperature of the

jacket. The temperature of the reactor has direct influence on

the chemical reaction rates according to the Arrhenius equa-

tion. The reaction rates determine the dynamics of the chemi-

cal reactions. Thus, the manipulated variables can exert

influence on the dynamics of the chemical reactions.

Multistage dynamic optimization

In this subsection, we present how to conduct an experimen-

tal design for generating data for the surrogate model. Particu-

larly, a general approach to solve the multistage dynamic

optimization problem for the sequential batch process is pre-

sented. We choose the dynamic optimization problem with the

objective to minimize the total processing time of the first pro-

duction line. Other dynamic optimization problems, such as

minimizing the total processing cost at given total processing

time, can be solved by following the same procedure.

Dynamic optimization problems for other production lines can

also follow the same procedure.
As shown in Figure 8, a production line may have a set of

operational stages, including blending, reaction, filtration, and

packing. Among those stages, only the stages of the reaction

task can have a flexible recipe. Blending, filtration, and pack-

ing stages are not considered for dynamic optimization as they

use fixed recipes. In the first production line, we only need to

take the second stage and the fourth stage into consideration

for the dynamic optimization problems. Namely, we need to

determine the optimal dynamic trajectories for these two

chemical reaction stages.
For multiobjective optimization, the collocation method54 is

applied to solve the dynamic optimization problem. We use 20

equal-length finite elements in each dynamic stage and 3 col-

location points in every finite element. The length of the finite

element in each stage is a variable, so the processing time of

one reaction stage can vary according to different operating

trajectories. Specifically, the Radau IIA method is adopted in

this work.10 The corresponding coefficients used in the collo-

cation method are listed as follows
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The multistage dynamic optimization problem to minimize

the total processing time for P1 is a nonlinear problem which

is solved by CONOPT 3 with 0.64 CPUs. There are 1792 con-

straints and 1818 continuous variables in this problem. The

optimal objective value of this problem is 2.289 h. We note

that we also use one global optimal optimizer, BARON 14.4,

to solve this multistage dynamic optimization problem. The

same objective value 2.289 h is returned when the predeter-

mined computational time limit of 50 h is reached, while the

relative gap if this solution returned by BARON 14.4 is

47.53%.
The optimal trajectories for concentrations of different

materials returned from the dynamic optimization are illus-

trated in Figure 10. In the second stage, M11 and M12 are reac-

tants while I1 is the product. In the fourth stage, I1 is the

reactant, and P1 is the final product for the production line.

The initial values for the second stage, including the initial

concentrations for M11 and M12, are fixed parameters. The ini-

tial values for the fourth stage are the final values of the sec-

ond stage, the initial concentration of I1 in the fourth stage is

the same as the final concentration of I1 in the second stage.

We note that there is a quality constraint for the final product

P1 such that the concentration of P1 should be greater than

4000 kmol/m3.
The optimal trajectories for reactors’ and jackets’ tempera-

tures are displayed in Figure 11. In each individual reaction

stage, the temperature of the reactor and the temperature of

the jacket are manipulated by the flow rate of the heating

water and the flow rate of the cooling water. For each reaction,

due to heat exchange with the ambient air during material tran-

sition, the initial temperature of the reactor should be equiva-

lent to the environmental temperature. During the chemical

reaction, the flow rate of the heating water is usually high at

the beginning of the reaction. The heating water leads to tem-

perature increase in the reactor, thus giving rise to a fast reac-

tion. However, due to safety considerations, the temperature

of the reactor should not go beyond the safety boundary

throughout the production process. The safety boundary for

the temperature of reactor RI is 350 K, while the safety
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boundary for the temperature of reactor RII and RIII is 360 K.
The safety boundary for the temperature of all jackets is set at

370 K. For each reaction stage, if the reaction process is nearly

over, the temperature of the reactor should be controlled by
cooling water to decrease the temperature to below a certain

threshold. The reason lies in the fact that if the temperature of
the products from the reaction is extremely high, they cannot

be processed by the following operational stage. The threshold

for the outlet temperature is set at 320 K.
The optimal trajectories for input heating water and cooling

water for different stages in the first production line are dis-

played in Figure 12. The flow rate of the heating water is usu-
ally high at the beginning of the reaction to enhance the
reaction rate, while in general the flow rate of the cooling

water is high toward the end of the reaction to force the tem-
perature of the reactor below the temperature threshold. We

note that there are utility constraints for the flow rate of input
water. The sum of the heating water flow rate and the cooling
water flow rate should be less than 20 m3/h for the reaction

stages conducted in reactor RI, and the sum of the flow rates
for the heating and cooling water should be less than 30 m3/h
for the reactions conducted in reactor RII or RIII.

Figure 10. Concentration profile in Stage 2 and Stage 4 of Product 1.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 11. Temperature profile in Stage 2 and Stage 4 of Product 1.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 12. Profiles of input water in Stage 2 and Stage 4 of Product 1.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Comparison of different methods

In this case study, we first solve the integrated scheduling
and dynamic optimization problem with the adaptive surrogate
modeling-based algorithm. To demonstrate the performance of
our proposed method, we also apply the conventional sequen-
tial method and the full space simultaneous method to solve
this sequential batch case study. The model and solution statis-
tics for these methods are given in Table 1. For the adaptive
surrogate modeling-based algorithm, there are 210 binary vari-
ables, 4109 continuous variables, and 4474 constraints in this
MILP problem, which is solved by CPLEX 12 within 24.27
CPUs. This objective is to maximize the total profit across the
scheduling horizon for this sequential batch process. The max-
imum profit returned by the adaptive surrogate modeling-
based algorithm is $4937.88. Our solution method takes six
iterations to satisfy all the stopping criterions and terminate.

The adaptive surrogate model for each batch is shown in
Figure 13. All of the adaptive surrogate models start with only
two sampling point. From the first iteration to the fifth itera-
tion, there are some solution points that do not satisfy the stop-
ping criterions. Thus, new sampling points for these batches
are added into their surrogate models adaptively according to
the processing times of the current solutions. As we can see in
Figure 13, the solution point of Batch 2 never violates the
stopping criterions in any iteration. Thus, the final adaptive
surrogate model for Batch 2 only has two sampling points. In
contrast, the solution point for Batch 1 violates the stopping
criterions in every iteration, and there are seven sampling
points in the final adaptive surrogate model for Batch 1. We
note that most of the solution points are located exactly on the
existing sampling points. Only the solution point for Batch 1
is not located exactly on any of the existing sampling points.
The predetermined tolerance for Batch 1 is 0.001, which
means that the absolute error between the solution point and
the nearest sampling point is only one thousandth of the time
interval between the two adjacent sampling points next to the
solution point. As we can see in Figure 13, the absolute error
between the solution points and the nearest sampling point for
Batch 1 should be less than 3.6 s, which is about four orders of
magnitude smaller compared with the upper bound of the
scheduling horizon (9 h).

The profit returned by the adaptive surrogate-based method
in each iteration is shown in Figure 14. The profit improves
significantly in the first three iterations while it increases
slowly in the last several iterations. Specifically, for the solu-
tion point in the first iteration, the sales of all the products are
$12,027.6, the cost for the production process is $7622.7, and
the profit is $4404.9. For the solution point in the second itera-
tion, the profit of $4804.2 is calculated by subtracting the costs

Table 1. Model and Solution Statistics for Different Methods

Adaptive Surrogatea Sequential Full Space

Type MILP MILP MINLP
Bin. Var. 210 188 188
Con. Var. 4109 371 9145
Constraints 4474 614 9262
Optimizer CPLEX 12 CPLEX 12 SBB
Max Obj.($) 4937.88 3776.26 4505.95b

CPU (s) 24.27 0.25 360,000
Iteration 6 NA NA

aFor adaptive surrogate modeling-based algorithm, the statistics is based on
the model and solution in the last iteration.
bThis is the local optimal solution returned by the full space method. This
solution is first found at 145,566 nodes when the computational time is equal
to 317,392 s (about 88.1 h). The computational time limit is 100 h.

Figure 13. Adaptive surrogate model for each batch.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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$7158.7 from the sales $11,962.9. The profit of the last solu-
tion iteration is $4937.9. The makespan of 8.35 h in the second
iteration is the same as that in the last iteration and is larger
than the makespan in the first iteration, which is 8.29 h. In
addition to the variations in profit and makespan, we can also
see scheduling differences between the iterations. In the first
and last iteration batch five is delivered before batch six, while
Batch 6 is delivered first in the second iteration. The last stage
of batch four is manufactured in PI in the first and second iter-
ation while this stage is moved to PII in the last iteration.

The Gantt chart of the production schedule returned by the
adaptive surrogate-based approach is shown in Figure 15. As
we can see, the sales of all products are $11,922.2 and the pro-
duction process cost is $6984.3. The makespan returned by the
adaptive surrogate modeling-based algorithm is 8.37 h.

For the conventional sequential method, the operating rec-
ipes in the scheduling problem are based on the fixed parame-
ters provided by the dynamic optimization problems. The
dynamic optimization problems and the scheduling problem

are solved sequentially. As the dynamic optimization prob-

lems are solved independently without considering any infor-

mation from the scheduling problem, the dynamic

optimization is usually solved with the objective to some local

criterions. In this work, the local criterion to be minimized is

the total processing time. We formulate an MILP problem

with sequential solution method, and there are 188 binary vari-

ables, 317 continuous variables, and 614 constraints in this

problem. The objective is to maximize the total profit, and the

maximum profit returned by the sequential method is

$3776.26, solved by CPLEX 12 within 0.25 CPUs. The prob-

lem size of the sequential method is smaller than the adaptive

surrogate modeling-based method. This is because the adapt-

ive surrogate modeling-based method uses a large number of

variables and constraints in the construction of the piecewise

linear surrogate model. The adaptive surrogate modeling-

based method uses more computational time than the sequen-

tial approach. However, the adaptive surrogate modeling-

based algorithm returns 30.76% higher profit than the sequen-

tial method.
The Gantt chart of the batch production scheduling provided

by the sequential approach is shown in Figure 16. The make-

span by sequential approach is 7.69 h, which is shorter than

that provided by the adaptive surrogate-based approach. The

solution agrees with the local criterion to minimize the total

processing time, and the sequential method aims to finish each

batch as soon as possible.
The third solution approach to solve the integrated schedul-

ing and dynamic optimization problem is the full space simul-

taneous method.78 The simultaneous method solves the

monolithic model of the integrated scheduling and dynamic

optimization problem directly. For the differential and alge-

braic equations in the dynamic optimization, we use the same

collocation method discussed in multistage dynamic optimiza-

tion subsection. That is, we adopt the Radau IIA method, dis-

cretize each dynamic stage into 20 finite elements, and choose

3 collocation points for each element. For the simultaneous

method, there are 188 binary variables, 9145 continuous

Figure 14. Profit in each iteration for adaptive surrogate-based method.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 15. Production scheduling by adaptive surro-
gate modeling-based method.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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variables, and 9262 constraints in this MINLP problem. The
batch production scheduling provided by full space simultane-

ous method is shown in Figure 17. The problem size by the
simultaneous method is much larger than the other two meth-
ods. The optimizer employed for the sequential method is
Simple Branch and Bound (SBB), which is a commonly used
optimizer for integrated scheduling and dynamic optimization
problems.12,13,17 The objective returned by the simultaneous
method is $4505.9 when the optimizer reaches the computa-
tional time limit 360,000 CPUs, that is, 100 h. We note that
BARON 14.4 fails to return a feasible solution for this prob-
lem. The computational time of the full space simultaneous
method is four orders of magnitude more than the adaptive

surrogate modeling-based method, and our proposed method

returns a 9.59% higher profit than the simultaneous method.

We note that we solve the MINLP problem without assigning

any initial point. The solution returned by the simultaneous

method is a local optimal solution, which is first found at

145,566 in 317,392 CPUs (about 88.1 h). The relative gap

returned by the optimizer is 51.73% when the computational

time reaches its limit of 100 h. The computational time used to

find one feasible solution for the simultaneous approach is

about 10 times that of the scheduling horizon.
To analyze the importance of the initial points, we set the

binary assignment variables returned by the sequential method

Figure 16. Production scheduling by sequential method.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 17. Production scheduling by full space simulta-
neous method.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 18. Production scheduling by full space simulta-
neous method initialized by the sequential
method.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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as the initial points and solve the problem again by the full
space simultaneous method. The Gantt chart for this problem
is shown in Figure 18. The optimizer returns a local optimal
solution $5387.7 when the computational limit 3600 CPUs is
reached. The final relative gap returned by the optimizer is
43.35%. This solution is first obtained at about 65 CPUs. The
full space simultaneous method return a 9.1% higher profit
than our proposed method if the simultaneous method has a
good initial points. However, in most cases, a good initial
point and a reasonable computational time limit cannot be
determined in advance. Thus, with the full space simultaneous
method, a good solution with a short computational time is dif-
ficult to obtain in practice. The full space simultaneous solu-
tion method for the integrated scheduling and dynamic
optimization problem is usually large scale and difficult to
solve. Consequently, the full space simultaneous method is
not recommended in this problem.

Conclusion

In this work, we proposed a novel adaptive surrogate
modeling-based algorithm for the integrated scheduling and
dynamic optimization problem for sequential batch processes.
We formulated the integrated optimization problem as an
MIDO problem, which was then reformulated into a large
scale MINLP problem by means of the orthogonal collocation
method. The monolithic model of the integrated optimization
problem was challenging to be solved directly. We took
advantage of the bilevel structure of the integrated optimiza-
tion problem, and proposed an efficient solution algorithm
based on adaptive surrogate modeling. Because the dynamic
optimization problems were linked with the scheduling prob-
lem only via the processing times and processing costs, we
were able to replace the dynamic optimization problems with
a set of surrogate models based on piecewise linear functions.
The surrogate models were then updated adaptively by adding
new sampling points to the current surrogate model or by dou-
bling the upper bound of the total processing time.

We used a case study of a multiproduct sequential batch
process to demonstrate the applicability of our adaptive surro-
gate modeling-based algorithm. The sequential batch process
had seven units for three production lines. Each production
line had three to five operational tasks. The objective was to
maximize the total profit. The results showed that the sequen-
tial method used 0.25 CPUs to return a profit of $3776.3, while
the proposed method returned a 31% higher profit of $4939.9
within 24.27 CPUs. Compared with the full space simultane-
ous method, which returned a profit of $4505.9 within 360,000
CPUs, our proposed method used less computational time by
more than four orders of magnitude and returned a 9.59%
higher profit.

In the case of highly nonlinear models such as batch distilla-
tion and batch reactor separator networks with potential
recycles,20,21 the solution of the adaptive surrogate model
requires relatively high computational efforts. Sequential
batch processes, in which operations of batch splitting, mix-
ing, and resizing are not allowed, are the focus of this work.
Surrogate models for dynamic models in sequential batch
processes only have two dimensions, namely the processing
cost is expressed as a function of the processing time. How-
ever, in more sophisticated cases such as complex batch proc-
esses with general network structure, where batch splitting,
mixing, and resizing are allowed, their surrogate models
would involve multiple dimensions, for example, the process-

ing cost could be a function of the processing time, the batch

size and the concentrations of input materials. The multidi-

mensional surrogate modeling and optimization for this prob-

lem leads to substantial computational challenges and requires

more powerful and efficient solution methods. This would be a

direction of our extension of this work.

Notation

Indices

i = batch
l = stage
j = unit
k = slot

m = sampling point
n = iteration
p = material in chemical reaction
r = finite element
s = chemical reaction
q = collocation point

Sets

ILj = batch stages, indexed by (i,l), which can be processed by unit j
Jil = units capable for processing batch i at stage l
Kj = time slots for unit j
Li = operational stages for batch i
Rn

i = index set of the discrete points for batch i in nth iteration

Parameters

aqq0 = collocation matrix
bq = collocation vector
cq = collocation vector

cFix = total fixed cost
cFix

i = fixed cost for batch i
cP

i = price for batch i
dI

i = first due date function for batch i

dII
i = second due date function for batch i

nr = number of finite elements
nq = number off collocation points
np = number of materials in the reaction
ns = number of reactions involved

stil = setup time of stage l for order i
tH = upper bound of scheduling horizon
x0

i = initial condition for batch i

Greek letters

ei = e value of multiobjective optimization for batch i

e mð Þ
i = e value of the mth data point in multiobjective optimization for

batch i
emin

i = e value of multiobjective optimization for batch i
Dei = e value of multiobjective optimization for batch i
gi = optimal-value function of dynamic optimization for batch i

uil = processing cost in dynamic model of stage l for batch i
rim = SOS2 variables in piecewise linear function
sil = ending time in dynamic model of stage l for batch i
Dil = length of finite element in dynamic stage l of batch i

Binary variables

fim = SOS2 variables in piecewise linear Pareto curve
OWI

i = indicator of first segment in batch price function for batch i

OWII
i = indicator of second segment in batch price function for batch i

Wijkl = assignment of operational stage l of batch i to time slot k of
unit j

Continuous variables

CVar
i = variable cost for batch i

Cost = total production cost
DTI

i = first component of delivery date for batch i

DTII
i = second component of delivery date for batch i
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DTIII
i = second component of delivery date for batch i

ODTi = batch delivery date of batch i
PC

i = total processing cost for batch i
P

C mð Þ
i = total processing cost of the mth data point for batch i

PCil = processing cost of stage l for batch i
Profit = production profit

PRi = final batch price for batch i
PTil = processing time of stage l for batch i

PT
mð Þ

il = processing time for the mth data point of stage l for batch i
Sjk = slack variables for slot k in unit j

Sales = sales of all batches
Til = time variable in dynamic model of stage l for batch i
Trq

il = discretized time variable for stage l of batch i
TEIil = ending time of stage l for batch i
TEJjk = ending time of slot k in unit j
TSIil = starting time of stage l for batch i
TSJjk = starting time of slot k in unit j

Uil = inputs in dynamic model of stage l for batch i
Urq

il = discretized time variable in dynamic model of stage l for batch
i

UTijkl = variable used for linearizing WTijklPTil

VSch = collection of variables in scheduling problem
VDyn

i = collection of variables in dynamic model for batch i
WTijkl = nearizing WTijkl � PTil

Xil = state variables in dynamic model of stage l for batch i
Xrq

il = discretized state variables in dynamic model of stage l for
batch i

Xf
i = final value of state variable for batch i

Yil = outputs in dynamic model of stage l for batch i
Yrq

il = discretized output variables in dynamic model of stage l for
batch i
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Appendix A: Scheduling Problem of Sequential
Batch Process

The entire time-slot scheduling model53 can be divided into

four sections: unit allocation section, timing matching section,

batch price function section, and sales and cost section. The

objective function is also given at the end.

1. Unit allocation

Constraint (A1) means that a batch is processed only once

throughout the whole processX
j2Jil

X
k2Kj

Wijkl51;8i; l 2 Li (A1)

Constraint (A2) ensures no more than one stage of a batch is

allocated to one time slot of a unit at a time. Wijkl is the assignment

binary variable. Sjk denotes the slack variable. All stages of batch i
is included in set Li. All time slots in unit j is included in set Kj.

Set ILj contains all pairs of batch-stage indexed by (i,l) which unit

j can produce X
i;lð Þ2ILj

Wijkl1Sjk51; 8j; k 2 Kj (A2)

Constraint (A3) are used to place all the occupied time slots

to the beginning

Sjk21 � Sjk;8j; k 2 Kj and k > 2 (A3)

Constraint (A4) states that the slack variables are nonnegative

Sjk � 0; 8j; k 2 Kj (A4)

2. Timing relation

Constraint (A5) means the ending time TEIil of stage l for

batch i is the sum of the starting time TSIil, the setup time stil,
and the production time PTil

TEIil5TSIil1stil1PTil;8i; l 2 Li (A5)

Constraint (A6) ensures the ending time of the current stage

(l21) is before the starting time of the next stage l for the same

batch i

TSIil � TEIi l21ð Þ; 8i; l 2 Li; l � 2 (A6)

Constraint (A7) means the ending time TEJjk of time slot k
for unit j is the sum of the starting time TSJjk, the setup time

stil, and the production time PTil

TEJjk5TSJjk1
X

i;lð Þ2ILj

Wijkl � stil1PTilð Þ;8j; k 2 Kj (A7)
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Constraint (A8) ensures the ending time of the current time

slot (k21) is before the starting time of the next time slot k for

the same unit j

TSJjk � TEJj k21ð Þ;8j; k 2 Kj; k � 2 (A8)

Constraints (A9) and (A10) ensure that the starting time of

stage l of batch i is the same as the starting time of time slot k
of unit j if the stage l is assigned to the time slot k. tH is the

upper bound of the scheduling horizon

TSIil2TSJjk � 2tH � 12Wijkl

� �
; 8i; j 2 Jil; k 2 Kj; l 2 Li

(A9)

TSIil2TSJjk � tH � 12Wijkl

� �
;8i; j 2 Jil; k 2 Kj; l 2 Li (A10)

3. Batch price functions

In Figure 2, there are two due dates for batch i, dI
i and dII

i . The

batch price is cP
i if it is delivered before dI

i . The batch price

decreases with respect to time linearly if it is delivered after dI
i and

before dII
i . The batch price is zero if it is delivered after dII

i . The

scheduling horizon tH is the hard deadline for delivery date ODTi.

Constraint (A11) means delivery date ODTi is equal to the

ending time of the last stage of batch i

ODTi5TEIi l5jLijð Þ; 8i (A11)

Constraint (A12) means the delivery date is the sum of three

components DTI
i , DTII

i , and DTIII
i

ODTi5DTI
i 1DTII

i 1DTIII
i (A12)

The binary variables OWI
i and OWII

i are used to express the

location of the delivery date. For each batch, the relationship

between the three binary variables and the three components of

the delivery date is expressed by constraints (A13)–(A15)

OWI
i � dI

i � DTI
i � dI

i ; 8i (A13)

OWII
i � dII

i 2dI
i

� �
� DTII

i � OWI
i � dII

i 2dI
i

� �
;8i (A14)

DTIII
i � OWII

i � tH2dII
i

� �
;8i (A15)

The relation between combinations of these two binary varia-

bles and the delivery date is demonstrated in Table A1.

The final selling price for batch i, PRi is given in Eq. A16

PRi5cP
i � 12

DTII
i

dII
i 2dI

i

� �
(A16)

4. Sales and production cost

Sales can be obtained by summing up all the batch prices, as

shown in Eq. A17

Sales5
X

i

PRi (A17)

Constraint (A18) shows the total production cost, which contains

the cost for each batch. The cost of each individual batch i can be

divided into two part, the fixed cost cFix
i and the variable cost CVar

i .

The sum of the fixed costs for all batches is denoted by cFix

Cost5
X

i

cFix
i 1CVar

i

� �
5cFix1

X
i

CVar
i (A18)

Constraint (A19) denote that the variable cost for an individ-

ual batch i is the sum of the costs for all stages for this batch

CVar
i 5

X
l2Li

PCil;8i (A19)

5. Objective function

In Constraint (A20), the objective is to maximize the profit

which is the sales revenue minus the total cost

Profit 5 Sales2Cost (A20)

Appendix B: Multistage Dynamic Optimization

In the sequential batch process, a product is manufactured by

following its batch recipes, which consists of several operational

stages. In the continuous process, the dynamic processes have

fixed initial conditions and final values. In contrast, in the batch

process, only the first stage in one batch recipe has the fixed initial

conditions and only the last stage in the batch recipe has the fixed

final values for its state variables. The initial conditions of a

dynamic stage in the middle of a routing pathway are dependent

on the final values of the previous operational dynamic stage.

A general multistage dynamic model for the sequential batch

process can be described by a set of differential algebraic equa-

tions and various constraints.

Constraint (B1) is used to confine the time variable Til, which

starts from zero. sil denotes the end time of the stage l of batch i

0 � Til � sil; 8i; l 2 Li (B1)

Equation B2 is a compact form of the differential equations,

where Xil are state variables and Uil are input variables

dXil Tilð Þ
dTil

5fil Xil Tilð Þ;Uil Tilð Þð Þ; 8i; l 2 Li (B2)

Constraint (B4) is the path constraints for the state variables

Xil and the input variables Uil. Path constraints usually consist

of a set of inequalities for processing safety or the utility usage

hil Xil Tilð Þ;Uil Tilð Þð Þ � 0; 8i; l 2 Li (B3)

Equation B4 shows the output equation. In batch process, the

outputs are usually the concentrations of material components

Yil Tilð Þ5gil Xil Tilð Þ;Uil Tilð Þð Þ; 8i; l 2 Li (B4)

The criterion function (B5) is used to determine the process-

ing cost uil of the dynamic process for stage l of batch i

uil5/il Yil Tilð Þð Þ (B5)

Equation B6 is used to define the initial condition of each

dynamic model. The initial points for the first dynamic stage for

batch i is set as fixed parameters. The initial condition of other

dynamic stage is set as the final value of the dynamic model in the

previous stage

Xilð0Þ5
Xi l21ð Þ si l21ð Þ

� �
; l � 2

x0
i ; l51

; 8i; l 2 Li

(
(B6)

Equation B7 is to define the final value in the final stage,

where Xf
i denotes the product quality

Table A1. Relation Between Combinations of Binary Varia-

bles and the Delivery Date

OWI
i OWII

i ODTi

0 0 0 � ODTi � dI
i

1 0 dI
i � ODTi � dII

i
1 1 dII

i � ODTi � tH
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Xf
i 5Xil silð Þ; l5jLij; 8i (B7)

Constraint (B8) is the general quality requirement for the final

value of the state variables

qi Xf
i

� �
� 0; 8i (B8)

The criterion function is usually related with the entire time

function. For example, in this work, the integral of the input

with respect to time is used when we need the accumulated

input value in the entire time interval. The final value for the

criterion function is shown in Eq. B9

uil5

ðsil

0

Uil Tilð ÞdTil (B9)

Appendix C: Input Data for the Case Study

Models of reaction kinetics for Task 2 of Batch 1 is shown as

follows.

M111M12�!ka
12

I1 (C1)

M111I1
�!kb

12

U1 (C2)

ka
125Za

12e2Ea
12
=TR (C3)

kb
125Zb

12e2Eb
12
=TR (C4)

Table C1. Data of Scheduling Problem

Symbol Description Value Unit

CP
1

Price of Product 1 3.5 E 1 03 $/order

CP
2

Price of Product 2 3.0 E 1 03 $/order

CP
3

Price of Product 3 1.0 E 1 03 $/order

CF
1

Fixed cost of Product 1 1.0 E 1 03 $/order

CF
2

Fixed cost of Product 2 1.0 E 1 03 $/order

CF
3

Fixed cost of Product 3 5.0 E 1 02 $/order

C
HW Cost of heating water 20 $/m3

C
CW Cost of heating water 2 $/m3

DI
1

First due date value of Product 1 6 h

DII
1

Second due date value of Product 1 9 h

DI
2

First due date value of Product 2 6 h

DII
2

Second due date value of Product 2 9 h

DI
3

First due date value of Product 3 6 h

DII
3

Second due date value of Product 3 9 h

O1 Order demand of Product 1 2 Batch
O2 Order demand of Product 2 2 Batch
O3 Order demand of Product 3 2 Batch

Table C2. Fixed-Processing Time (h)

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5

Batch 1, Batch 2 1.0 NA 0.7 NA 1.0
Batch 3, Batch 4 NA 0.9 NA 1.5 NA
Batch 5, Batch 6 NA 1.2 NA NA NA

Table C3. Setup Time (h)

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5

Batch 1, Batch 2 0.1 0.1 0.1 0.1 0.1
Batch 3, Batch 4 0.1 0.1 0.1 0.1 NA
Batch 5, Batch 6 0.1 0.1 NA NA NA

Table C4. Parameters of Reaction Tasks

Task Symbol Description Value Unit

T12 Za
12 Frequency factor 4E 1 03 m3/(mol h)

Zb
12

Frequency factor 1E 1 08 m3/(mol h)

Ea
12 Normalized activation energy 5E 1 03 K

Eb
12

Normalized activation energy 1E 1 04 K

DHa
12 Heat of reaction 230 kJ/mol

DHb
12

Heat of reaction 220 kJ/mol

q12
R

Density of reactor 8E 1 02 kg/m3

C12
PR

Heat capacity of reactor 3 kJ/(kg K)

T13 Z13 Frequency factor 1E 1 04 m3/(mol h)
E13 Normalized activation energy 3E 1 03 K

DH13 Heat of reaction 0 kJ/mol

q13
R

Density of reactor 8E 1 02 kg/m3

C13
PR

Heat capacity of reactor 3 kJ/(kg K)

T21 Za
21 Frequency factor 1E 1 03 m3/(mol h)

Zb
21

Frequency factor 5E 1 02 m3/(mol h)

Zc
21 Frequency factor 2E 1 04 m3/(mol h)

Ea
21 Normalized activation energy 2E 1 03 K

Eb
21

Normalized activation energy 3E 1 03 K

Ec
21 Normalized activation energy 4E 1 03 K

DHa
21 Heat of reaction 220 kJ/mol

DHb
21

Heat of reaction 0 kJ/mol

DHc
21 Heat of reaction 210 kJ/mol

q21
R

Density of reactor 1E 1 03 kg/m3

C21
PR

Heat capacity of reactor 3.5 kJ/(kg K)

T22 Z22 Frequency factor 5E 1 02 m3/(mol h)
E22 Normalized activation energy 2E 1 03 K

DH22 Heat of reaction 0 kJ/mol

q22
R

Density of reactor 1E 1 03 kg/m3

C22
PR

Heat capacity of reactor 3.5 kJ/(kg K)

T31 Z31 Frequency factor 1E 1 02 m3/(mol h)
E31 Normalized activation energy 1E 1 03 K

DH31 Heat of reaction 10 kJ/mol

q31
R

Density of reactor 1E 1 03 kg/m3

C31
PR

Heat capacity of reactor 4 kJ/(kg K)

Table C5. Parameters of Reactors

Reactor Symbol Description Value Unit

RI VI
R Volume of reactor 5 m3

VI
J Volume of jacket 1 m3

qI
J Density of jacket 1E 1 03 kg/m3

CI
PJ

Heat capacity of jacket 4.186 kJ/(kg K)
UAI Heat-transfer coefficient 8E 1 04 kJ/(h K)
TI

H Temperature of
heating water

370 K

TI
C Temperature of

cooling water
300 K

TI
R;max Maximum temperature

of reactor
350 K

TI
J;max Maximum temperature

of jacket
370 K

FI
max Maximum flow rate of

heating and cooling water
20 m3/h

RII VII
R Volume of reactor 5 m3

VII
J Volume of jacket 1.5 m3

qII
J Density of jacket 1E 1 03 kg/m3

CII
PJ

Heat capacity of jacket 4.186 kJ/(kg K)
UAII Heat-transfer coefficient 1E 1 05 kJ/(h K)
TII

H Temperature of
heating water

370 K

TII
C Temperature of

cooling water
300 K

TII
R;max Maximum temperature

of reactor
360 K

TII
J;max Maximum temperature

of jacket
370 K

FII
max Maximum flow rate

of heating water
30 m3/h

Note that the parameter values of reactor RIII are identical to those of reactor RII.
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dCM11
tð Þ

dt
52ka

12CM11
CM12

2kb
12CM11

CI1
(C5)

dCM12
tð Þ

dt
52ka

12CM11
CM12

(C6)

dCI1
tð Þ

dt
5ka

12CM11
CM12

2kb
12CM11

CI1
(C7)

dCU1
tð Þ

dt
5kb

12CM11
CI1

(C8)

Models of reaction kinetics for Task 4 of Batch 1 is shown as

follows.

I1�!k14

P1 (C9)

k145Z14e2E14=TR (C10)

dCI1
tð Þ

dt
52k14CI1

(C11)

dCP1
tð Þ

dt
5k14CI1

(C12)

Models of reaction kinetics for Task 1 of Batch 2 is shown as

follows.

M2�

ka
21

kb
21

I2 (C13)

I2�!kc
21

U2 (C14)

ka
215Za

21e2Ea
21
=TR (C15)

kb
215Zb

21e2Eb
21
=TR (C16)

kc
215Zc

21e2Ec
21
=TR (C17)

dCM2
tð Þ

dt
52ka

21CM2
1kb

21CI2
(C18)

dCI2
tð Þ

dt
5ka

21CM2
2 kb

211kc
21

� �
CI2

(C19)

dCU2
tð Þ

dt
5kc

21CI2
(C20)

Models of reaction kinetics for Task 3 of Batch 2 is shown as

follows.

I2�!k22

P2 (C21)

k235Z23e2E23=TR (C22)

dCI2
tð Þ

dt
52k23CI2

(C23)

dCP2
tð Þ

dt
5k23CI2

(C24)

Models of reaction kinetics for Task 1 of Batch 3 is shown as

follows.

M3�!k31

P3 (C25)

k315Z31e2E31=TR (C26)

dCM3
tð Þ

dt
52k31CM3

(C27)

dCP3
tð Þ

dt
5k31CM3

(C28)

Manuscript received Apr. 16, 2015, and revision received July 6, 2015.

Table C6. Data of Materials and Products

Production Line Symbol Material Initial Material Concentration Product Symbol Required Product Concentration

1 CM11
M11 5E3 mol/m3 P1 CP1

4E3 mol/m3

CM12
M12 5E3 mol/m3

2 CM2
M2 2E3 mol/m3 P2 CP2

1.5 E3 mol/m3

3 CM3
M3 1E3 mol/m3 P3 CP3

0.9E3 mol/m3

Table C7. Temperature Specification

Production Line Initial Temperature (K) Final Temperature (K)

1 300 320
2 300 320
3 300 320
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